Using Sommese's results on the adjunction process we give a biholomorphic classification of rational algebraic surfaces with the genus of a hyperplane section less than or equal to six.
(c) L is ample and is very ample if h\L) = 0. (d) Kχ ® L is, in our case, very ample except in the two cases (2.5.1) and (2.5.2) of [So, pg 394] . Let L' = Kχ ® L and φ L , = φ κ Λ0J £. Then φ£-= φ L , ° 7r.
We call X the minimal model of X relative to L. It has the property that there is no irreducible curve ?cί such that Φ Φ = -1 and L <3> = 1. We call (X 9 L) the minimal pair of (X, L) . Note that since L -9 = 1, C is smooth. Our main goal is to classify the pairs (X, L) and eventually the pairs (X, L). What makes the rational case interesting is that, by [So, (3.1) pg 395], <$> v is an embedding except for special cases that can be classified. This allows us to use a recursive method to classify the pairs (X 9 L). We would like to give an example of how the method works. To do this we fix the following notation.
and g ' -g(L') . Suppose that we are considering the case dim φ^( X) = 2, g = 6 and that we have obtained the invariants d = 10, g' = 4, d r -8, c\ --3. Then we look at the classification for g -4. Since there is no surface with sectional genus four and such that d ~ c\ -d' -c\ -11, we conclude that such a surface doesn't exist. Unfortunately, it starts to happen when g -6 that, as the genus g grows, g f becomes greater than or equal to g when we iterate the adjunction process. This is essentially the reason which makes it very difficult to use this method to try to extend the classification beyond g = 6. We summarize in the following tables the results which we have obtained. When dimφ/;(X) = 1, (X, L) denotes a minimal model and its relative line bundle. We thank Andrew J. Sommese for suggesting the problem and for his valuable advice.
Background material.
Since most of our background material is as in [So] , we will collect only material which cannot be found in [So] . We first state the following proposition which can be found in [R] . 
dimφι (X)
-it. Let C E| L |. //g = g(C) = g(L) = 0 then (X, L) is one of the following: (a) X = P 2 , L = Θ p2 (l) orL = Θ p2 (2).
If g-\ then X is one of the following:
(c) X = P 2 wz/Λ at most six points blown up.
/V00/. If g(C) = 0, the result follows by Del Pezzo's Theorem (0.6) Now suppose g(C) = 1. Since by the First Lefschetz Theorem [A + F] and [Bo] , /z ι '°(X) < g(C), we have to examine two cases:
1 . Since L" 1 is a negative line bundle, it follows that K x is a negative line bundle, so X is a ruled rational surface. Moreover, by Serre duality [Ha, pg 239] , because K c is trivial and L~λ \ c is a negative line bundle. Since h\L \ c ) -0, by the Riemann-Roch Theorem [Ha, pg 295] ,
where d-LL. Now using the long cohomology sequence associated to the short exact sequence we obtain that h°(L) = d + 1. Hence X is a ruled, rational surface of degree d in P d . Then by [N, pg 366] , X has to be either (c) or (d). Moreover, by [N] , since X is non-singular, if ^P. denote the points that we blow up on P 2 to get X, then the (1) any three points among the ^ are not colinear; (2) there is no conic carrying six of the ( $ ι .
ELVIRA LAURA LIVORNI
In case (ii), since g(C) = 1 = h h0 (X), again using Del Pezzo's Theorem, we have that X is a P 1 -bundle over a curve Γ and smooth C E\ L | are sections. Since C is a section, g(Γ) = g(C) = 1, i.e. Xis a P 1 -bundle over an elliptic curve.
(0.3) PROPOSITION. Let X be a smooth, connected, projective surface embedded by a very ample line bundle t in P 4 . Then
Proof. See For a modern proof see [Fu] or, for example, [So l9 (0.6.1) pg 19].
1. The case of A°(L) = 3, 4.
Let X be a smooth, connected, projective, rational surface and L a very ample line bundle on it. If h°(L) = 3 then
The proof follows from the following propositions.
(1.1) PROPOSITION. Let X and L be as in the above theorem but without .2) either X is P 2 with at most six points blown uporl^P'X P 1 and d = 8. Since h°(L) = d + 1, see Theorem (0.2); thus d = 3, which excludes the case X = P 1 X P 1 . Thus X has to be a blow up of P 2 . By K x = L" 1 we obtain c\ --3, which contradicts the fact that K F i K P i -9, and we can blow up at most six points. Therefore if Λ°(L) = 4 then g = 0, 3, 6. Proof. We will first study the case in which g = 3. Let δ be the degree of C. Since C is embedded in P 2 , which gives δ = 4, i.e. C is a curve of degree four in P 2 . It follows that X is a degree four surface in P 3 . Hence (l)g = 2,J=2,c 2 = -2; (2)g = 2,d=5,cf =1; (3)g = 4,</=l,c? = -ll; (4) g = 4, d = 6, c 2 = -6. Cases (1) and (3) contradict Castelnuovo's inequality (0.4) and case (4), since Λ°(L| C ) = 4 = g, implies, by [So, (0.9.6) pg 382], that K x is trivial, which gives a contradiction. Now we assume h°(L) > 6. Consider the long cohomology sequence associated to the short exact sequence By Castelnuovo's inequality and (2.0.1), it follows that if Xis birational to a Hirzebruch surface then the pair (X, L) has to satisfy the following invariants:
(1) g = 2, 5 < d < 12, 5 < A°(L) < 12, 1 < cf < 8; (2) g -3, 7 < d < 16, 6 < Λ°(L) < 15, -1 < cf < 8; (3) g = 4, 8 < rf < 20, 6 < A°(L) < 18, -4 < cf < 8; (4) g = 5, 8 < d < 24, 6 < A°(L) < 21, -8 < rf < 8 (5) g = 6, 9 < d < 28, 6 < A°(L) < 24, -11 < cf < 8. Consider now the case in which g = 5. If we assume d -8, then by Castelnuovo's inequality h°(L) = 5 or 6. Since in the case in which h°(L) = 6, K x is trivial, see [So, (0.9.6) pg 382], we have that h°(L) = 5 and, using Proposition (0.3), we obtain c\ = -2. But the invariants d = 8 and cf = -2 contradict the fact that if X is a minimal model then d = 24, c^ = 8. Therefore d ¥= 8. Since if A!' = P 2 , dimφ^( X) -2, we can state the following theorem. For (X, L) we have obtained the following sets of invariants:
(1) g = 2, 5 < d < 12, 5 < *°(L) < 12, 1 < c 2 < 8, at most seven points blown up (2) g = 3, 7 < </ < 16,6 < Λ°(L) < 15, -1 < cf < 8, at most nine points blown up (3) g = 4, 8 < </ < 20, 6 < Λ°(L) < 18, -4 < cf < 8, at most twelve points blown up (4) g = 5 ? 9 < </ < 24, 6 < A°(L) < 21, -8 < cf < 8, at most fifteen points blown up (5) g -6, 9 < d < 28, 6 < A°(L) < 24, -11 < c\ < 8, at most nineteen points blown up.
Thus we get the table on page 95. Proof. Let g = 3. By Lemma (3.1) we know that the adjunction map surjects onto P 2 . By the long cohomology sequence of (2.1.2) it follows that h\L) = 0. Hence by [So, (2.4) pg 393], L is very ample. If there exists a C E|L| which is hyperelliptic, again by [So, (3.1) pg 395], X is as in (3.0.2). So we can suppose there is no such C. Since by [So, (3.1) pg 395], φ L , is an embedding, we have that X = P 2 and
The case of dim ΦΪ(X) -2. Under the hypothesis that dimφ£(X)
which gives L = 6 p2 (4). Thus rf = 16, c\ = 9 and λ°(L) = 15. Now suppose g = 4. Assume first that
By the Riemann-Roch Theorem h°a nd by Clifford's Theorem Since in the case in which Λ°(L| C ) = 4, by [So, (0.9.6) pg 382], K x is trivial, it follows that Λ°(L| C ) = 3 and h\L\ c ) = 0. Thus by the long cohomology sequence of (2.1.2), h\L) = 0, and by [So, (2.4) pg 393] we obtain that L is very ample. If d > 7, again by (2.1.2), h\L) -0 and L is very ample. If there is a C E\ L | which is hypereUiptic, again by [So, (3.1) pg 395], we have that (X 9 L) is as in (3.0.2). Thus we can suppose there is no such C in \L\. Again by [So, (3.1) pg 395], since h h°( X) = 0, φ L , gives an embedding in P 3 i.e. X is a hypersurface in P 3 . Denote X by // δ . Proof. Let g = 3. We have seen that 6 < d < 16. In the case in which there exists a hypereUiptic hyperplane section, we can assume d = 6, 7. If d = 6, c\ = 0 and A°(L) = 5. Thus using (0.3.1) we get a contradiction. If rf = 7, cf = 1 and A°(L) = 5, 6. Since in the case in which A°(L) = 5 we get a contradiction as above, it follows that h°(L) = 6. Thus, in this case, X is gotten by blowing up one point on the relative minimal model. Now consider the case when C is not hyperelliptic. Since 6 < d < 16, X can be gotten by blowing up at most ten points on P 2 . In the same way we get the statement for g -4.
We will use Proposition (0.1) to compute the values of d f and g'. See the table on page 96. Now we study the case g -5. In this case h°(L f ) = 5. Thus X is embedded in P 4 by V and by Proposition (0.3) we get [So, (0.9.6) pg 382], K x is trivial, thus A°(L) = 5. By the Riemann-Roch Theorem and (2.1.2) it follows that h\L) -0 which, by [So, (2.4) pg 393], implies that L is very ample, and by Proposition (0.3) we get c\ --2. By Proposition (0.1) we have d r = 6 and g r -3. Since c\ = cj 2 , by (3.3.1) we get c\ = -1. Therefore d = 9 and h°(L) = 5. We have obtained the following invariants: d=9, A°(Z) = 6, cf = -l, </' = 6, g' = 3, rf=8, Λ°(L) = 5, cf = -2. Now we look at the table for the genus three surfaces. Since d' -c\ -6 + 1 = 7, if it exists, Xhas to be P 2 with ten points blown up. Because the degree has to be six and the genus has to be three, an example of X may be given by L -7r*(Θ p2 (7) -10/?
2 ), where π: X -> P 2 is the blow up map and by \0p 2 we mean ten generic points each considered twice. Unfortunately we don't know if 7r*(Θ p2 (7) -\0p 2 ) is very ample. Let d>9. Then h\L) = 0 and by [So, (2.4) by applying Theorem (0.2) we see that Z has to be P 2 with at most six points blown up and
. Consider the very ample line Θ P 2(3) on P 2 . Denote by X, P 2 with five points in general position blown up. If TΓ: X-* P 2 then V = 7r*(6 p2 (3)) and L -τr*(βp2(-3)) ® Kχ l . (X, L) gives an example of a surface satisfying our invariants. X is gotten by blowing up at most seven points. We can state the following theorem. (1) X is P 2 with ten points blown up. L = 7r*(6 p2 (7) -\0p 2 ). d = 9, h\L) = 6, c 2 = -1, rf' = 6, g' = 3, </ = 8, Λ°(L) = 5, c\ = -2. (2) (*, L) -(^, is 3 ®/ 5 ), i? -21, h\L) = 18, c 2 = 8, rf' -3, g^ -0, 9 < ύ? < 21, 6 < Λ°(L) < 18, -4 < c 2 < 8. Because g' -0, using Theorem (0.2), we have that either X -P 2 and ®L = Θ p2 (l) or 0 p2 (2), or X = F r . Since !=P 2 cannot happen
